
Technical Note TR-148 

1 NGL-21-002-008 
January 1971 

ON A CRITERION FOR DETERMINING 
THE COMPLETE CONTINUITY OF 
URYSOHN'S INTEGRAL OPERATOR 

by T. Nurekenov 

Translated from the Russian by 
Zdanna ICrav~ciw Skalsky 

Edited by 
Steven B. Oliphant 

- UNIVERSITY OF MARYLAND 

COMPUTER SCIENCE CENTER 
A i 



T e c h n i c a l  Note TR-148 
NGL-21-002-008 

January  1971  

ON A CRITERION FOR DETEDfINING 
THE COMPLETE CONTINUITY OF 
URYSQHNt S INTEGRAL OPERUOR 

T r a n s l a t e d  from t h e  Russian by 
Zdann,a ICrawciw SkaLsky 

E d i t e d  by 
Steven B .  O i iphan t  

T h i s  t r a n s l a t i o n  w a s  suppor ted  i n  p a r t  by t h e  N a t i o n a l  
Aeronau t ics  and Space A d m i n i s t r a t i o n  under Grant  NGL-21-002-003 
t o  t h e  Computer Sc ience  Cen te r  of t h e  U n i v e r s i t y  of Piaryiand,  



A b s t r a c t  

The o r i g i n a l  of t h i s  paper  appeared i n  I z v e s t i a  Akademii Nauk 

Kazahskoi SSR, S e r i a  Fiz iko-Matemat iceskih  Nauk, Matematika i Mehanika 15, 

1963. The a u t h o r  c o n s i d e r s  a n o n l i n e a r  i n t e g r a l  o p e r a t o r  

f r o m  L t o  L . By u s e  of a r e s u l t ,  h e r e i n  c a l l e d  H e l l y ' s  theorem, 
P 

which i s  a c t u a l l y  r e l a t e d  t o  ~ e P E y ' s  P r i n c i p l e  of Choice,  h e  proves  

the complete c o n t i n u i t y  of t h i s  o p e r a t o r  under  mi ld  r e . s t r i c t i o n s  on t h e  

k e r n e l .  Sugges t ions  a r e  made abou t  a p p l i c a t i o n  of t h e  theorem t o  other 

t y p e s  of n o n l i n e a r  e q u a t i o n s .  



ON A CRITERION FOR DETERMINING THE COZ'PLETE COI'JTIWITY 
OF URYSOI-IN" INTEGRAL OPERATOR" 

T. Nurekenov 

I n  t h e  p r e s e n t  work we i n v e s t i g a t e  t h e  i n t e g r a l  o p e r a t o r  

where t h e  k e r n e l  K ( t , s , u )  Ps a  f u n c t i o n  of t h e  v a r i a b l e s  t , s , u ;  t , s  E [a,Sj 

and -m < u  < m, which i s  measurable  f o r  a l l  t , s  and con t inuous  i n  u f o r  

a lmost  a l l  t , s .  

Var ious  c r i t e r i a  f o r  d e ~ e r m i n i n g  t h e  c o n t i n u i t y  and complete continuity 

of t h i s  o p e r a t o r  a r e  known [ l , 2 , 3 ] .  It t u r n s  o u t  t h a t  t h e  a n a l y s i s  of  t l r e  

o p e r a t o r  ( I )  i s  c o n s i d e r a b l y  s i m p l i f i e d  i f  t h e  k e r n e l  K ( t , s , u )  is s n o n o t o ~ i c  

i n  t h e  v a r i a b l e  t .  

En. wha t foc l iows ,  we g i v e  a  new c r i t e r i o n  by which t h e  complete con- 

t i n u i t y  of o p e r a t o r  (1)  may b e  determined.  The fundamental  r e s u l t  of this 

work may be  fo rmula ted  a s  f o l l o w s :  

Theorem. L e t  A be a cont inuous  o p e r a t o r  from L  i n t o  L , L E I  
P  s 

K ( t , s , u )  b e  a  nondecreas ing  f u n c t i o n  i n  t f o r  f i x e d  s and u s a c i s f p -  

i.ng t h e  i n e q u a l i t y  

Assume t h a t  t h e  o p e r a t c r  B d e f i n e d  by 

a 

"Russian o r i g i n a l  appeared i n  IZVESTIA AE(A13EMII NAUK KAZAHSXOI SSFc, 
S e r i a  Fiziko-Matematieeskih PJauk, Matematika i Ptehanika 1 5 ,  3 ,  1963, 



is a completely continuous operator from L into L . Then the operator 
P 4 

A is completely continuous. 

For the proof of this theorem we shall need the 60110t~ing 

Lemma. Ler ~=i$(t)) be an infinite family of nondecreasing functions 

defined on the interval [a,R]. Then there exists in F a. sequence 

03 

{<bkW ~1~=13 which converges almost everywhere to some function $It), 

vhicir may assume an infinite value or, some set and which does not decrease! 

in the boundary region, 

Proof of the lemia, Choose in F some sequence of functions -- 

CO (11 
From this sequence, {$n)n=l form another sequence of functions {$. , n a=l 

as follows: 

(t) = 

i sgn +(t), ii l$nitl 1 2 1. 

By HellyPs theorem 841 we may choose a subsequence of functio~s 

(I> 
@I = {on ai=13 which converges everywhere to the nondecreasing function 

lM f roxn which >je Consider now the subsequence of functions {$  J 
n, i=l 
1. 

shall construct a sequence of "truncated'9functions { $  n ('I lor i=l as f o l  10;-s 
i 



Applying B e l l y ' s  theorem t o  t h e  sequence {@ n  C 2 ) ~ m  1=lY w e  o b t a i n  t h e  i u h s c -  
i 

(2) 
2  ' 2 ) ~ m  converging everywhere t o  t h e  f u n c t t o n  @ (t) . quence Q = {an 

k= l  
i 

Cont inuing kis p r o c e s s ,  we may c o n s t r u c t  a c o u n t a b l e  s e t  of conve-A- 

i n g  subsequences @ l , Q 2 3 @ 3 3 . . . 9 m  
n 9 ' "  

converging r e s p e c t i v e l y  t o  t h e  

(2)  f u n c t i o n s  $ " ) ( t ) , $  ( t )  i v e e 9  

'k) " The sequence of f u n c t i o n s  {@ ( t ) j k = l  h a s  t h e  f o l l o w i n g  p r o p e r t i e s :  

0 (k) 1 . 4 (t) i s  nondecreas ing  i n  t f o r  a l l  k, 

Et i s  easy  t o  s e e  t h a t  t h i s  sequence converges  everywhere t o  the f ~ n c e : o n  

$ ( t ) ,  which i s  d e f i n e d  by t h e  e q u a t i o n  

Obviously ,  t h e  f u n c t i o n  $(t) s a t i s f i e s  t h e  c o n d i t i o n s  of t h e  lemma, 

It i s  n o t  d i f f i c u l t  t o  v e r i f y  t h a t  t h e  subsequence @ = {$  (t) ,< t )  
I 

n 
1 *" 2 

a l s o  converges  t o  t h e  f u n c t i o n  @ & t )  a t  every  p o i n t  of t h e  i n t e r v a l  [a , [ , ! ,  

Thus, t h e  P e m a  i s  proved, 

n l We t u r n  t o  t h e  p roof  of t h e  theorem, Le t  xl ( t )  ,x2 ( t )  , . . . rx  \t ) . . , - 
n 

a sequence of f u n c t i o n s  t a k e n  from t h e  u n i t  b a l l  i n  L . Form t h e  azqJcncc 
P 



{$n(t)}M n= l by defining 

It is easy to see that, since the function I<(t ,S,IB) is nondecreasing 

in t, the functions @ (t) are nondecreasing in t for any n, n 
M 

By the preceding lemma, from the sequence {$  (t): we may choose 
n n=l 

some subsequence converging everywhere to the function $(t). We sha l l  

00 

also ref~r to this sequence as ( 4  (t) 1 n n=l' 
m 

We now introduce the sequence {@ (t)) defined by 
n n=lS 

Since the operatar B is compact, we may assume that this sequence converges 

to some function $(t) in the norm of the space L . 
4 

From inequality (2) , we have 

Since + (t) converges to $(t) in the norm of E it follows that the coz- 
n P 

vergenee is almost everywhere for some subsequence. Call this s u b s e q u ~ n ~ e  

$*(t) once again. Therefore, the inequality 

holds almost everywhere, From inequalities (El) and (12), it follows t l m t  

the functions @(t) and $ (t) are measurable and finite almost everywhere, 
n 

By Lebesguess theorem, the $ ( E )  converge to $(t) in measure. 
El 



01 

Consider  now t h e  sequence {U (t)}n=19 d e f i n e d  by t h e  e q u a t i o n s  
n  

It i s  easy  t o  s e e  t h a t  U ( t )  converges  t o  z e r o  and t h e  f u n c t i o n s  U (t) 
rr 

have e q u i r o n t i n u o u s  and a b s o l u t e l y  con t inuous  i n t e g r a l s .  By V i t a L i r s  

theorem, t h e y  converge t o  z e r o  i n  t h e  norm of t h e  space  L . Q,E,D, 
c: 

C o r o l l a r y .  I f  t h e  k e r n e l  K f t , s , u )  of A i s  of bounded v a r i a t i o n  - 

i n  t and a l s o  s a t i s f i e s  

where t h e  o p e r a t o r  

i s  a complete ly  con t inuous  o p e r a t o r  from L i n t o  L t h e n  t h e  spe ra ro r  
P q  ' 

A i s  complete ly  con t inuous ,  i f  i t  i s  con t inuous ,  

T h i s  theorem may b e  a p p l i e d  i n  t h e  u s u a l  way t o  t h e  i n v e s t i g a t i o i i  o f  

n o n l i n e a r  i n t e g r a l  e q u a t i o n s  

b  
x f t )  = / ~ f t , s , x ( s ) ; h ) d s  

a 

o r  i n t e g r o - d i f  f  e r e n t i a l  e q u a t i o n s  

Note a l s o  t h a t  t h e  theorem1 may b e  g e n e r a l i z e d  t o  i n t e g r a l  o p e r a t o r s  

i n  spaces  of v e c t o r  func tL  -I ons . 
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